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ABSTRACT 

When control systems are given the same task to perform repeatedly, they will usually repeat the 

same errors in executing the command, except for certain random noise effects. The field of learning 
control has developed to produce controllers that can improve their performance at a given task with 
each repetition of the task. To date, learning control algorithms have concentrated on use of 
analogues of integral control to eliminate errors, and recently on conversions of adaptive control to 
the learning control problem. This paper studies an alternative of using numerical optimization 
techniques to determine ways to improve controller performance from one repetition to the next. 
Quasi-Newton methods, the direction set method, certain derivative free algorithms and the 
generalized secant method are studied. It is shown analytically that the generalized secant method 
converges to zero tracking error in fewer repetitions than other methods aimed at direct minimization 
of the Euclidean norm of the error. Simulations show good results when applied to the control of 
nonlinear systems that include a pendulum and a non-linear mass-spring-dashpot system. 

I. INTRODUCTION 

A large percentage of the practical applications of control theory involve systems which are 
repeatedly asked to perform the same task. Examples include tracking problems for robots on 
assembly lines, as well as a large number of manufacturing applications. Standard controller design 
methods produce systems that do an imperfect job of executing a command -- and when the 
command is repeated the system repeats these same errors everytime. It is perhaps a bit primitive to 
persist in repeating the same errors. And in the last few years a theory of learning control has been 
developed in the literature, generating controllers that can learn from previous experience at 
performing a specific task, see for example [1-7]. The fact that a specific task is involved repeatedly, 
distinguishes the learming control problem from the adaptive control problem. 

To date, the learning control literature has been based on either analogues of integral control in the 
repetition domain [1-4], or more recently adaptive control ideas have been converted to apply to the 
learning contro] problem in [5-7]. This paper is devoted to a preliminary investigation of a third 
option -- the use of numerical optimization techniques as a method of accomplishing learning in 
repetitive tasks. 

The approach bears a certain philosophical similarity to a few optimal control investigations that use 
the real world rather than a computer model to evaluate each iteration in the attempt to converge on 
the optimal control. Such an approach can avoid the sometimes lengthy process of obtaining a good 
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model before the optimization problem can start. Reference [3] develops such an idea for minimizing 
the integral of the absolute value of the error in continuous systems. 

Here, we consider the learning control problem for discrete systems, a system of linear algebraic 
equations relating the change in the state of the system to the change in the control action from one 
repetition of the task to another. From this set of linear equations which gives the transition between 
any two repetitions, we formulate an optimization function which is quadratic in the error. We study 
numerical optimization methods to determine how to adjust the control history from one repetition to 
the next in order to decrease this quadratic function of the error as the repetitions of the task proceed. 

Furthermore, we utilize a generalized secant method to solve the system of linear algebraic equations 
directly for the appropriate control action and parameter estimates that will minimize the tracking 
error of the controlled dynamic system, without any prior knowledge of the system parameters 
except the order of the system. It is shown analytically that the generalized secant method requires 
the least number of repetitions to converge among all the methods given in this paper. Hence, 
simulations were conducted to study practical issues of this controller. 

II. PROBLEM FORMULATION 

Consider a general discrete-time linear time-varying or time-invariant system, 

(tel) = AQ) x*() + BO UO) tw) (1a) 

y (+l) =C(ttl) x‘(t41) t= 0,1,2,..,p-1  k=0, 1,2, .. (1b) 

where the state, x, is n-dimensional, the control, u, is m-dimensional, the output,y, is q-dimensional 
(q>m), t is the time step in the p-step repetitive operation, and k is the repetition number. For 
simplicity, the dimension n of the system is assumed known, but generalization to just knowing an 
upper bound on n is easily considered. Also, A, B, C, and w* are assumed unknown -- otherwise 
one could determine in advance what control to use to minimize tracking error, and there would be 
no need for learning control. In the learning control problem (as contrasted with the repetitive control 
problem in [2]) the system is assumed to always start from the same initial state in each repetition of 
the task. Matrix A includes any state or output feedback control present in the system and the 
symbol uk is reserved for the signal added to the control for learning purposes. A time varying 
model is considered because many applications, such as in robotics, involve nonlinear dynamic 
systems which when linearized produce linear models with coefficients that vary with time, and vary 
in the same manner each repetition. In such repetitive operations it is often the case that there will be 
disturbances w(t) that repeat with each repetition of the task, and learning can be made to also 
correct for this source of errors in a natural way. We will limit ourselves to repetitive w(t). 
Therefore the superscript k will be dropped. One of the purposes of the feedback control is to handle 
any non-repetitive disturbances, and these will be ignored for purposes of designing the learning 
control (some analysis of these random noise effects in learning control can be found in [4]). 

The solution to (1) for the p-steps of the repetitive process can be written as 

t t t 

(t+) = (J [ao )x*(0) + »y ( (T Janea uj) + wG))) Q) 
j-0 j0 r+] 

where the product symbol is taken to give the identity matrix if the lower limit is larger than the upper 

limit. Let p be the total number of time steps. Defining a difference operator 5,z(t) = zK(t) - 29(t) for 

any variable z, and using the fact that xk(0) and w(t) are repetitive, one can write, 

y" = y +P du (3) 

where, 

yk = [ykT(1) ykT(2) ... ykT(p)]T 

uk = [ukT(Q) ukT(1) ... ukT(p-1)]T 
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we could evaluate the first derivative df/d(8,u), then the BFGS method would converge to the 

optimal 6,u in approximately mp repetitions. One might note that if one actually knows the df/d(5,u) 

of (6), then one could equate it to zero and solve for 6,u and obtain the optimal 5,u in one step -- 
something which could be classified as a Newton method in numerical optimization. 

Since we do not know df/d(8,u), one can consider the use of Quasi-Newton methods with 
approximation of the gradient obtained by a finite difference method. In order to obtain these 
differences for all of the mp elements of the gradient vector it would require approximately mp 
repetitions of the task to make one evaluation of the gradient vector. The total number of repetitions 
required for convergence would exceed (mp)2. This makes such methods a poor choice in learning 
control. Methods that do not require the use of a gradient in picking the search direction are called 
for. Note that the same difficulty eliminates the use of steepest descent and conjugate gradient 
methods. 

3.2 A Direct Search Method 

A method which does not require knowledge of gradients, is the direct search method of optimization 
as expressed by Wood [9] and later by Hooke and Jeeves [10]. The direct search method, which 
takes advantage of the quadratic nature of the objective function, is as follows: 

1. Pick mp orthogonal directions in the 6,u space. For each of these directions in succession, 
perform the line search as in the next steps. 

2. Take a step along the chosen direction in 6,u space, and apply the resulting control in the 
next repetition. Evaluate f from the data of this repetition. 
If f decreased pick another step in the same direction, if it increased pick a step in 
the opposite direction, and apply to the system. 

4. Since the quadratic objective function surface in the plane of the chosen direction is a 
parabola, the data from 2 and 3 determines this parabola, and can be used to 

find the minimizing 6,u for this direction. This completes the line search. 
5. Return to 2 with the next direction. 

we
 

This algorithm will improve the tracking every three repetitions, provided there is no noise in the 
measurements. There is no guarantee for a finite convergence unless the directions of search are 
mutually conjugate about the Hessian matrix of the quadratic objective function. Care must be taken 
to avoid large disturbances to the repetitive process during the line search. 

3.3 Conjugate Direction Methods 

If the unidimensional search of the last section were used along mp mutually conjugate directions, 
then in the absence of noise, the system would converge after minimizing the quadratic objective 
function in al) these directions. There are a few conjugate direction methods available in the literature 
[11-13]. These methods stan with a set of mp orthonormal directions which could be coincident with 
the columns of an mpxmp identity matrix. Then, by doing unidimensional searches in these 
directions, a new set of directions is generated. 

Rosenbrock's [11] method provides a direction coincident with one of the eigenvectors of the 
Hessian (H) mamix. Eigenvectors of H are mutually conjugate and point in the direction of the 
minimum of the quadratic objective function. One such eigenvector is reached after mp 
unidimensional searches along the orthonormal directions. The rest of the mp-1 directions are found 
by using the Gram-Schmidt [14] orthogonalization procedure. This cycle is then repeated to provide 
another eigenvector of H. There is no guarantee that the eigenvectors are not repeated. Therefore, 
there is no general finite convergence proof available. 

Rosenbrock’s method might converge to a non-minimum point in which case the method breaks 
down. To avoid or delay the failure of the minimization procedure, the method due to Davies, 
Swann, and Campey [12] (DSC) uses a renumbering system for the directions of search. Another 
method due to Powell [13] provides a direction set with one of the directions conjugate to the 
complementary mp-! directions. This set is obtained after a cycle similar to that of Rosenbrock and 
DSC. However, Powell's method does not require any orthogonalization procedure after every 
cycle and it never breaks down as Rosenbrock and DSC methods do. 
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quadratic matrix coefficients PT and PTP are related, and this extra information has been incorporated 
in the new algorithm. Rather than trying to identify the quadratic surface of f as in the direction set 
method, the linear relation (3) from which the quadratic is derived is identified, with a resulting 
savings in repetitions. A numerical optimization method with this same property is presented in the 
next section. 

The above method involves identification of the system model in the repetition domain, which by 
analogy to learning control can be called learning identification. Various approaches to identification 
in the repetition domain are presented in [7,15,16], for both time-varying and time-invariant cases. 

When the system is time-invariant one can accelerate the learning control convergence by using the 
identification of elements of P to compute the time domain description A, B, C, from which one can 
complete the elements of P before cnough data has been taken to obtain all elements directly. The 
algonthm is as follows: 

1. While applying the above algorithm, use the lower block triangular nature of P to determine 
successively CB, CAB, CA2B, etc. 

2. Form the Hankel matrix of these Markov parameters for the appropriate dimension, if one 
knows the order n of the system, for any repetition number large enough to have generated CA2"-1B_ 
Later repetitions allow more smoothing. If nis not known, monitor the rank of the Hankel matrix 
with repetitions. 

3. Use the Eigensystem Realization Algorithm (see for example [17], or use the Ho Kalman 
algorithm) to obtain A, B, and C. Note that one does not need to identify w(t) of the time domain 
model. 

4. Use A, B, and C to construct the full P matrix. 

§. Find the opumizing control using this in (9). 

Note that if the full state is measured, then the Eigensystem Realization Algorithm can be bypassed, 
by simply idenufying A and B using a pseudoinverse solution of the sequence of eq. (1) for 
succeeding steps, after eliminating w(t) through differencing. 

IV. THE GENERALIZED SECANT METHOD 

Define the error, eX, as the difference between the output yk and the desired trajectory yp, 

k ok 
€ =y -Yp (11) 

Define the change of input between two consecutive repetitions as 

¥ 7 jie ck (12) 

Then from eq. (3), one could obtain 

py" _ Pie . o* (13) 

Since our goal is to reduce the tracking error, ex, as the task is being repeated, we aim at finding a 
change in our input which would lead to zero tracking error at the next repetition, eX+!=0. For that 
input change, eq. (13) becomes 

k 

py = (14) 
Equation (14) suggests that the change of input, v*, can be deduced from P and ek. Since P is not 

available, an approximation to P at the k" repetition, Pk, has to be used. Hence 

Svan (15) 

To obtain vk, the Moore-Penrose pseudo-inverse can be used to minimize the following norm, 
Il p¥ vk + ek I 
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namely, 

k kt k 
v =#-P ec (16) 

Hence, the control action at the (k+1)st repetition, uk+!, can be calculated according to eq. (12), 
uk+l= uk + vk, In the following, the method for finding Pk will be described. 

At repetition k, denote the difference between the actual system parameters P and the approximation 
Pk by the matrix Dk, 

p=P*+p* (17) 

Substituting eq. (17) into (13) and rearranging, 

pe ve aektt_ &_ pk yk (18) 

Since Dk is a.qp by mp matrix and the other terms in eq. (18) are vectors, one can not directly solve 
the complete Dk from eq. (18). 

A “solution” that would solve Dk along a direction defined by zk is, 

k kT 
p‘= (e : -e°-Pry*) Z 

kT k 
ZV 

(19) 

while zk are chosen in the following way[18]: 

- Ifk2>n-1 then zk is chosen orthogonal to the previous n-1 control steps vk™}, ... , vel. 
- Ifk<n-1 then zk is chosen orthogonal to the available k steps, v®, ... , vs, where n < 

mp is the maximum number of linearly independent v's which could be found. 

A few orthogonalization methods are available in the literature which may be used for the actual 
evaluation of the z vectors. These include the well-known Gram-Schmidt orthogonalization 
process[14] and a more advanced technique due to Fletcher [19] in which the number of vectors in 
the set may be changed. 

Together with an orthogonalization method, eqs. (16), (17), and (19) form a learning control 
algonthm, 

People (20) 
pktl — p¥ 4 pk 

teh (ek+! - ek - pk yky zkT (21) 

mye 

Proof of Convergence 

The set of zk picked by an orthogonalization method for eq. (21) has the property that zkTv) = 0 for 0 
<k-j <n-1. Consequently 

Dkyj =0 0 <k-j sn-l (22) 
Therefore, 

py a tP eb ict DTV 

jt) j (23 
=P" 0 <k-j sn-l 
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Since n $ mp is the maximum number of linearly independent v's, v" has to be a linear combination 

of all previous n linearly independent control steps 
nl 

vi = apvO4...4tg.vrl= )° ayvd (24) 
+o 

Premultiply eq. (24) by P®, one has 

ni 
nn n P’y"= a Pv (25) 

7-0 

Let k in (23) be n-1, 

P" yj = Pit! yj =(Pi + Di)vi 0<j<n-l (26) 

Substituting (18) into (26), 

P "yj =citl- oj (27) 

According to (13), the right hand side of (27) must be equal to PvJ. Hence 

P" yj = P vi (28) 

Substituting (28) into (25), 

nl 
na j 

P v =P y a; Vv (29) 

Pt) 

According to (24), the summation in the right hand side of (29) is equal to v" . Hence 

Pp? ya=pyn (30) 

Substituting (13) into (30), 

Pey®=py" 
— ent! -en (31) 

If v® satisfies (15), then, 

P . a _. es (32) 

which means that ¢*! must be zero. However, if v" only satisfies (15) in a least square sense, then, 

ov abe +e (33) 

has minimum nomn. 

If n (the rank of P®-P) is equal to mp, then after mp+1 repetitions of the task, a minimum norm 
tracking error will be achieved. (mp+1) is the maximum number before convergence. But if P0isa 
good guess, if can converge faster, 

Y. Simulation and Results 

The learning con! algorithm based on the generalized secant method was tested on a linear and two 
nonlinear dynamical systems. The first system is a linear mass-spring-dashpot system. The second 
system is a non-linear mass-spring-dashpot system and the third system is a pendulum with 
damping. 

5.1. Governing Equations of Simulated Systems 

System 1 is a linear Mass-Spring-Dashpot system. This system is described by the following 
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differential equation 

MOa+CA+tkKA=T (34) 

where m, ¢, k are 1.0 kg, 1.0 Ns/m, 1.0 N/m. 

System 2 is a nonlinear Mass-Spring-Dashpot system. The si ics is gi 
the following differential equation: . pOnsysteme(; be Bima ates, fy eam Comarmies ts piven by 

mate(l+e)at(klal)aet (35) 

where m, ¢, k are the same as those of system 1. 

System 3 is a one-degree-of-freedom pendulum of mass m, length / , angle from vertical a, and 

damping c. The dynamics of the simulated pendulum obeyed the following differential equation: 

mfat+ca+mglsina=T (36) 

where m, J, c are 1.0 kg, 0.1 m, 1.0 Ns/m. 

The desired trajectory is given in Fig. 1. As shown in Fig. 1, the desired trajectory swing through 

two radians so that the system nonlinearity of system 3 can not be neglected. 

5:3 Simulation Results 

System 1 was first simulated to test the generalized secant controller. The results of this simulation 

are given in Fig. 2 which plots the sum of squares of the errors versus the repetition number. The 

first repetition was done using a self-tuning regulator with forgetting factor 1 (a complete theory of 

the self tuning regulator is given in [7]). The sum of squares of errors in this simulation converges 

to 1.08 and did not go to zero. The flat part of the curve is the result of control steps orthogonal to 
the direction of zx, in which the P matrix is to be updated. 

Barnes [18] proposes a practical stability criterion which translates to imposing a small positive 
lower limit to the inner product of the direction in which the P matrix is to be updated and the control 
step taken. Namely, a control step is checked before it is actually applied and if it does not satisfy 
the inequality (37) it will not be applied. 

I r | fe Vie 
iz,l, v,l, > nen G7) 

This ensures the control step, vk, is not going to be applied in a direction orthogonal to the direction 
of zy, in which the P matrix is going to be updated. If a control step is rejected for not meeting (37), 
then a new step vy should be found. The best choice for the new step is a step in the same direction 
as the P update direction, z,, then the inequality of (37) is always satisfied. 

Barnes [18] suggests taking the magnitude of the new step to be equal to that of the rejected step. 
This suggestion was shown to trigger instabilities in practice when applied to simulated nonlinear 
systems in this paper. This instability suggests that the size of the new steps ought to be small 
enough to keep the state of the controlled system from being driven too far away from the nominal 
desired trajectory. We find that a step size a little greater than the numerical accuracy of the computer 
usually works well. 

The introduction of the checking of control steps worked well in reducing the tracking error to zero 
for system 1 (see Fig. 3). We then applied the controller to a set of more practical dynamic systems 
involving nonlinear dynamics such as those described in eqs. (35) and (36) which when linearized 
can be approximated by linear models with coefficients that vary with time step, and vary in the same 
manner each repetition. Figures 4 and 5 show the plots of the sums of squares of errors for system 

2 and system 3. In both of these simulations the p in eq. (37) was set to 10-4, 

In application to the system | and system 2, zero tracking error was achieved after 8 repetitions 
which is less than the ceiling provided by the theory (10 repetitions). Similarly, the pendulum 
reached a zero trajectory error after only 9 repetitions which 1s again one repetition less:than the 
ceiling provided by the theory. 
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The flat part of the curves in Figs. 3 through 5 are caused by rejecting of control steps. Since the 
amplitude of the new control steps replacing the rejected ones has to be kept very small, there is no 
significant change of state from one repetition to the next repetition. After a few repetitions involving 
the rejection of control steps, updates done to the P matrix bring it closer to the ultimate P and 
therefore a control action calculated from it usually leads to a significant improvement in tracking 
errors. 

It should be noted that the theory in this paper was derived for control of a time-varying dynamic 
system while simulations were done on highly nonlinear systems. These simulations provide 
practical evidence on the robustness of this learning controller. 

VI. CONCLUSION 

This paper has given an overview of the possible numerical unconstrained optimization methods 
which might be used to generate learning control laws, and has identified the most applicable one 
among them. The lack of knowledge of the derivatives of the performance criterion constrains the 
range of the algorithms. It was shown that faster convergence can be obtained by identifying the 
system in the repetition domain and minimizing based on the current model, than can be obtained by 
a direct attempt to minimize the quadratic function of the error. The advantage comes from the fact 
that the quadratic function is not a general one, but one in which the coefficients are related. 
Knowledge of P is sufficient to determine all the coefficients of this function. The algorithms for 
minimizing the quadratic function do not take advantage of this special relationship whereas the 
generalized secant method constructs the coefficients from the knowledge of P. The fact that there are 
fewer unknown coefficients in P than there are in the quadratic cost function allows fast convergence 
of the generalized secant method. 

Simulation results show that the learning controller based on secant method works well with some 
practcal modifications such as the rejection of noninformative control steps.The generalized secant 
learning controller was shown to be very stable and robust in a practical sense when applied to the 
contol of truly nonlinear systems. 
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