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Abstract

This paper presents a learning adaptive controller which improves

the tracking performance of itself while performing repetitive tracks.
The controller is a self-tuning regulator based on learning parameter

estimation. Simulation results show that the tracking error is reduced

near monotonically over the history of repeating a prescribed task by

the proposed controller as applied to a pendulum . Experimentally,
the controller was used to control the movement of a nonlinear

piezoelectric actuator which is a part of the tool positioning system
for a diamond turning lathe. Experimental results also show that the
controller is able to reduce the tracking error through the repetition of
the task.

I. Introduction

One of the major factors contributing to performance limitations
of today's industrial automated machines/processes is the restricted
capabilities of their control systems. A wide class of these
controllers employ constant pre-defined gains and do not take into
consideration the non-linear dynamics in these machines. The result
is that these machines are not being utilized to their full potential in
terms of their speed and precision. With a more sophisticated control
strategy, it is possible to compensate for the complicated effects of
non-linearities which have in the past been considered as mere
disturbances in most systems.

Several advanced schemes have been proposed for an improved
performance, which would generate control actions to compensate
for the aforementioned non-linear dynamics. These include

non-linear feedback control [1], feedforward control [2], resolved
motion control [3.4], sliding mode control [5}, repetitive control [6.7]
and learning control [8], In particular, adaptive controls have drawn a
lot of attention in various applications [9-12], One class of these
adaptive controllers is the self-tuning regulator [91,

A self-tuning regulator consists of a parameter estimator and a
controller. The parameter estimator estimates the parameters of an
approximated model of the controlled system by utilizing a recursive
estimation scheme. Based on the approximate mode! and the
estimated parameters, the controller adjusts its actions to maintain its
performance. Therefore, the performance of a self-tuning regulator
depends greatly on that of the parameter estimator employed.

For example, the existing recursive least square (RLS) algorithms
do not utilize their past experience in estimating repetitive parameters.
The implication is that the system will keep making the same errors at
corresponding times in the duration of each repetition.

Another limit of these estimators is that they have to keep the

changes of estimations small between neighboring sample instants to
maintain their immunity to noise and disturbances. Consequently,
the estimators cannot respond to large changes of parameters quickly.

The objective of this paper is to present a learning adaptive
control scheme based on a learning estimator which utilizes the
information from past performances of a repetitive task to refine the
estimate of the plant parameters. Consequently, the learning adaptive
controller improves its performance throughout the repetitions. Since
the adaptation of parameters at all sampling instants is made over the
repetitions of the task, the estimator is free to follow the changes of
parameters over time.

Il. The Self-tuning Regulator

A self-tuning regulator has the structure shown in figure 1. The
recursive parameter estimator observes the input and output to and
from the plant and provides estimates of the parameters of the model
of the plant. These estimates are then used to compose control
actions applied to the plant. References 12-14 provide a more
detailed description of the self-turning regulator and parameter
estimation.

The self-turning regulator has been applied to the control of
nonlinear systems such as robots based on linear discrete uncoupled
models of the plant. The rationale of this approach is that
linearization of the nonlinear governing equations at each sampling
instants would yield linear difference equations of time-varying
parameters.

A second order example of such an equation is:

A(t) + 81() a(t-1) +6.2(0 a(t-2) =

q4 (83(0 u(t) + 84) u(t-1) ) + vi) (1)

where q-d is the backward shift (or delay) operator such that, qd o

(t) = a(t-d); d is the delay, u(t) is the input at time step t, a(t) is the

output at time step t, v(t) denotes the equation error and 6's are
parameters.

Let's assume that d=1 and solve for a(t) from equation (1):

c(t) = 9 (t) ot) + vit) (2)
where,

a(t) = (8; (t), 85(0), 63(t), @4(t)] is the parameter vector at time t
and

(1) = [-a(t-1), -a(t-2), u(t-1), u(t-2)] is the linear regression



vector.

A self-tuning regulator models a given dynamic system with a

difference equation in the form of (2) and uses a recursive estimator

to estimate the parameter vector 9(t) at each sampling instant and

adjusts its control action accordingly. Therefore, the overall

performance of the control system is very much dependent on how

close these estimates are to the real system parameters.

One popular parameter estimator is the Recursive Least Squares

(RLS) parameter estimator which minimizes the sum of squares of

the equation errors v(t) over time. Therefore, at time step k, the

function,

v0) = > wana) (3)
eO

is minimized, where A is a forgetting factor which is a measure of

how fast the old data is forgotten. The range of A is between 0 and 1

and as it becomes smaller the old data is forgotten more quickly.

Using equation (2), the expression for v, can be written:

k

v,(0) = > AM fait) -8 (0 HOP 4)
= 0)

Equation (4) is then minimized with respect to @ and a parameter, 9,

vector is obtained for time step k.

To recursively find a @ vector which would minimize (4), the

following algorithm can be used:[13.14]

@(k) = O(k-1) + L(K-1) [ ak) - 8 (K-1) @(K)] Ga)

P(k-1) o(k)
L{k-1) = ———

A+ (k) P(k-1) o¢k)

(Sb)

P(k) = [I-L{k ae. P(k-1) (5c)

where, L is an intermediate vector which is calculated each time to

avoid matrix inversions and P is the covariance matrix which

signifies the degree of confidence in the accuracy of the parameter

estimates and is started off as a diagonal matrix with large diagonal

elements to minimize the effect of the initial guess for the parameter

vector.

The forgetting factor A. is used to give less weight to older data so

the estimator can track the variation of parameters. Typically an

initial estimate of the parameters has to be given to the estimator to

start the recursion. Frequently, this estimate is different from the real

value of the parameters. Therefore, a tracking error will be produced

until the parameter estimator catches up which may never be achieved

if the parameters are varying from one sampling instant to the next.

Consequently, a persistent tracking error resulted from the lagging of

the estimate of the parameters at all times is inevitable.

If the same task is executed repeatedly, the controller repeats

without looking back at how it had performed previously.

Therefore, the controller will make the same errors at corresponding

times of repetitions.

The following proposition of a learning estimator provides a

solution which will allow the use of the information acquired from

previous repetitions to improve the estimate of the parameters over

repetitions of a task. With better estimates of parameters the

self-tuning controller will be able to reduce tracking errors over the

repetitions of a task.

III. Learning Recursive Least Squares Estimator (LRLS):

We will use Fig. 2 to illustrate the idea behind the proposed

learning parameter estimator. Each dot in Fig. 2 represents one

sampling instant. Each row of (p+1) dots represents a run of the task

which is numbered from repetition 0 to repetition r.

Let us look at time step k of repetition r, and assume that there is
a linear difference equation which adequately describes the dynamics

of the plant.

al(k) = gf (k) OT(k) + vT(k) (6)
where,

QT (k) = LT ,(k) . OTQ(K) , 67 3(k) , O%4(k), «....

oF (k) = [ -al(k-1) , uf(k-1) , -%(k-2) , uF(k-2), ...- ],

and v1(k) denotes the equation errors.

For r=0, 1, 2,....7, equation (6) gives a set of linear algebraic

equations which may be written in the vector matrix form as

at (k) = B(k)O(k)+ yF(k) (7)
where,

yi (k) = [v9(k), v}(k), v2(k),....v"(k)]

al (k) = [0%(k), o}(k), 22(k),.....07(K)]
and

0") =[0°H), 8K) (|

The least square method is concerned with determining the estimate

of Q, that is @ defined as the value that minimizes the sum of the

squares of the equation errors. Thus calculates 9 so that

J = [o"(k) — © (190 (k)] Lo (K) - © (K)8(K)]

I

=>) [ork - dw) a9)? (8)
7)

is minimized.

Let us differentiate the quadratic cost function eq. (8) to find the

value of @'(k) that minimize the function. Thus we have

ad‘ (8 (k)
a ok) [of (k) - & (K)@'(k)] =0 (9)

and the least square estimate of Q is

& (k) = [0 (k)@'(k)] ©" (k) a (k) (1 0)

The number of rows, r, of the matrix @"(k) in (7) can be very large

and is successively supplemented by new rows of data obtained by

new repetitions. It is uneconomical to repeat in all repetitions of

sampling instant k the calculation of parameters with all past data

stored in the matrix @(k), namely, if the number of rows was

increased by one only.

In order to reduce the number of numerical operations, we shall

derive a recursive type of estimation, the following denotation will be

used.

r+ C3 (k) r4i a (k)
a © (k) = atk) 7’ *'(k) = 6% (4

where al(k) and @"(k) are defined in eq. (7). The least square

estimate of parameters is according to (10).

r+

8 (k) = [Oko (kK) oO" "(kya "(k) (12)

7 F r+i r+ . er ' | t+

= [0 (K)o'(K) + 9°" Ko" (IT L®" (Khar (k) + 9° (Ka! &)]
Similar to the derivation of equation (5), it is straightforward to

write this estimate of parameters in the following formulas:

rel

8 (k)=8 (k) +L (ila (k) - 8 (Ko)



P (k) gk)
L (k)= ——_

1+o° (k) Pwo
(13b)

Pay =[1-L' a) oa] FW (13c)

The above derivation can be easily extended to minimize eq.

(14a) which includes y as a forgetting factor to determine how fast
old data from previous repetitions is forgotten.

r+1

t=) ya -¢ do eo? (14a)
j0

r+1 r’

1

8 (k) = 8 (K) +L (kak) - 8 Ko" "W)] (1 4 b)

T+]
U = : 8 (k) (14c)

Y+o° (k) PW otk)

LL é@a1 Pkpiggy LL © ¢ WI PF & (14d)

Y

It is evident that the estimate corresponding to the (r+ 1)th

repetition is equal to the estimate from the previous repetition

corrected by a term proportional to [a'+!(k) - @' (k) gf*!(k)]. The

product 9° (k) g’*!(k) may be considered as the prediction of the

value oTM*!(k) based on the estimate of parameter 9"(k) and on the set

of measurements ¢**+!(k). This predicted value equals to the value

atl(k) only if @ (k) = Q(k) (the estimate equals to the tue

parameters value) and if

the measurement noise is absent.

The factor y may be selected in the interval 0< y< 1. With y= 1,

all sampled data u', a’, r= 0,1... are equally weighted. With a<<1,

a large weight is placed on recently acquired data by

rapid weighting out of samples from previous repetitions.

For a repetitive task which takes p sampling intervals (p+1

sampling instants) to complete, one would need (p+1) linear

difference equations to approximate the real equation of motions.

The (p+1) sets of parameters of these difference equations can be

updated independently by equation (14) from one repetition to the
next. Since this updating does not have to be done on-line as long as

it is done before the next repetition is started, the demand on the
on-line computing power is much less than traditional adaptive
controllers.

The details concerning the starting of the recursive updating is
described now. Depending on the available computing power, one

has two alternatives. If one has enough computing power to
calculate equation ( 5) in real time, one should start the first execution
of the desired trajectory (r=0) using the adaptive controller to obtain
the least possible tracking error at the first run. The parameter vector

Q and the matrix P yielded by equation (5) at every sampling instant
should be recorded and be recursively updated using equation (14)
repetition after repetition later. If real time computation of equation
(5) is not feasible, a simpler controller can be employed to try out the
execution for the first time. In the mean tine, measurements of inputs
and outputs will be recorded. After completing the task for the first
time, these measurement shall be used by equation (5) to compete the

8 and P for every sampling instant. Then, they will be updated over

repetitions by eq. (14).

IV. The Control Law:

Since the control law is not the emphasis of this research, the
One-Step-Ahead control law was selected for its simplicity [9], In
general, the self-tuning regulator is very flexible with control laws.
Virtually any technique (pole-placement, minimum variance, etc.) can
be accommodated. The One-Step-Ahead control law is the application
of an inverse model while an estimate to the plant parameters is
known. For example, if the plant can be approximated by a second
order linear time-variant difference equation such as:

or(k) + 6714 (k) af(k-1) + OT yk) oF (k-2) = O4t-1(k) ul(k-1) +

OT '4(k) ul(k-2) (15)
If O&4(k) denotes the desired position at time step k, then at time step

k-1, the control,

Pe]oe’ a (k-2)u'(k-1) = [o,(K) +0) (k) o(k-1) +8

- 87 Cut (k-2)] 10" 4) (16)

should be applied.

Y. Simulation and Experimental Results:

In both simulation and experimental studies, the controller
described in fig. 3 were used. The controller uses the learning
parameter estimator and one-step-ahead control law which are
illustrated in Sec. IIT and IV.

5.1 The Simulation Studies

The learning self-tuning regulator was applied, through computer
simulation, to the control of a pendulum. The nonlinear equation of
motion of the pendulum (fig. 4) is a second order nonlinear ordinary
differential equation:

m!a+ca+mglsna=T (17)

where mass: m = 1.0 kgr, link length: 1 =0.1 m, and damping
coefficient: c = 1.0 Ns/m.

The desired trajectory over 15 sampling intervals (p = 15) for the
pendulum is shown in Fig. 5 which swings across two radians so
that the nonlinearity of the system is significant. For the first time of
executing the desired trajectory (r=0), a self-tuning controller
utilizing the RLS estimator (Eq. 5) is used, so that the improvement
made by learning over the self-tuning control will become obvious.
Since the equation of motion is a 2nd order nonlinear ODE, we
decided to use a 2nd order linear difference equation with time
varying parameters (eq. 15) as our model for the controller.

While executing the task for the first time, the estimates of P's

and Q's at all sampling instants yielded by Eq. 5 are stored in
memory. Then, the task is repeated a number of times using the one

step ahead control law (Eq. 16) and the estimates of P’s and 0's are

updated using Eq. 14 everytime a repetition is completed. Forgetting

factors used in the parameter estimator were A = 0.98 for Eq. 5 and y
= 0.98 for Eq. 14.

Figure 6 presents the tracking error versus time for repetitions 0,
1 and 5. At the fifth repetition, the tracking errors are almost zero
except the first two sampling instants. Everytime the task is repeated,
the squares of tracking errors at all sampling instants are added to
form a sum. Figure 7 shows the sum of squares of errors decreases
as the number of repetitions increases. These results show the
effectiveness of the learning adaptive controller to gradually improve
the performance of an adaptive controller.

The reason that tracking errors remain large at the first two time
steps is because a PD controiler was used for these two steps in all

the repetitions. This is because the unavailability of data from the -1
and -2 time steps which are needed by both eq. (5) and (14).



5.2 Experimental Studies

In order to study the behavior of the proposed controller in the

control of a real nonlinear plant. The controller was used to control

the movement of a piezoelectric actuator which is part of a diamond

turning lathe. In precision machining such as diamond turning,
there are a lot of repetitive error sources such as spindle run-off error

and guideway geometric error which would produce inaccuracies on
the workpiece if left uncompensated for. Thus, a tool positioning

system is called for.

The experimental setup is illustrated in Fig. 8. The tool holder,

which is made out of a complete piece of steel using an electric

discharge machine, has a construction of two parallel elastic plates

which provides a small axial rigidity in comparison to other degrees

of freedom. Therefore, the diamond cutting tool moves back and

forth as the piezoelectric actuator expands and shrinks. This

movement is measured by the inductive displacement sensor which is

an integral part of the tool holder.

The piezoelectric actuator is made of PZT-La stack of fifty disks

which has a dimension of 14x16x0.5mm. The actuator generates

displacement through the mechanism of electrostrictive. This material

has less hysteresis loss and better aging property than that of

piezoelectric material. However, it has a very nonlinear characteristic

between the displacement and the electrical potential applied to it. The

parabolic characteristic curve of the actuator is shown in Fig. 9. The

existing of the hysteresis nonlinearity is also obvious since the curve

follows different paths while the voltage is increased and decreased.

In our experiments, the tool is commanded to follow a square

wave with an amplitude of 1.1 zm and a period of 2.3435 second.

This desired trajectory is shown in fig. 10. The sampling period is

0.15625. The first execution of the task was carried out by a PD

controller, Then, the learning adaptive controller performed the

following repetitions as described in section 4. At the beginning, we

used a second order difference equation like Eq. 15 in our controller

and the tracking error actually got larger and larger over the

repetitions. Thus, we increase the order from two to three. This

enabled us to obtain a satisfactory controller.

Fig.11 shows the tracking error versus time measured by the

inductive position transducer at repetition 0, 1, 6 and 10. It is

obvious that significant reduction of tracking errors was achieved by

the proposed controller over the repetition of the desired trajectory.

Figures 12 shows that the sum of squares of errors decreases as the

number of repetitions increases.

Vi. Conclusion and future development:

Simulation and experiment results show that the learning

self-tuning regulator is a quick learning controller which reduces

tracking errors of the two nonlinear systems over repetitions learning

tasks. Aliso, the fact that the parameter updating part could be done

off-line between repetitions, makes this control algorithm very

feasible. In fact, compared with a PD (proportional plus derivative)

controller, only three more additions and three more multiplications

have to be done in real-time at each time step if a second order

difference equation is used. However, more memory is needed to

implement the controller. The amount of memory needed for

implementing the controller in an n degree of freedom system is,

= 22 * # of time steps in each repetition * n.

This amount of memory, considering today's low cost memory

chips, is feasible for most applications, using even a personal

computer,

The simulation and experimental results have shown that the

proposed learning self-tuning regulator can be applied to the control

of a variety of nonlinear dynamic systems such as a pendulum and a

piezo tool positioning systems, possible applications include the

control of robots, precision machining, process controls and other

manufacturing processes. Also, the notion of a learning parameter

estimator could be applied to other parameter estimators than the RLS

estimator. These are some paths in the authors’ future research.
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